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Abstract

Transformations of the systems of equations of the first approximation of the classical and generalized Chapman—Enskog methods
are proposed for those terms of the distribution functions by means of which one can calculate the vector transport relations for
mixtures of polyatomic gases, connecting the diffusion and heat fluxes and gradients of the scalar gas-dynamic variables. The
solutions of the transformed systems are expressed in terms of diffusion rates and gradients of the macroparameters. The derivation
and formulae for the coefficients of the Stefan—-Maxwell relations and their generalizations are simplified, and rigorous results
for the matrices of the transport coefficients are established. Approximate vector transport relations are given for mixtures of
non-equilibrium reacting polyatomic gases.
© 2007 Elsevier Ltd. All rights reserved.

The kinetic theory of the transport properties of mixtures of ideal gases (which obey the Clapeyron-Mendeleyev equa-
tion of state) is most developed for the case of structureless (monatomic) particles.! When using the Chapman—Enskog
method, the linearization of the system of Boltzmann kinetic equations with respect to the locally Maxwell distribu-
tion functions gives a system of linear non-homogeneous integral equations for the perturbations of the distribution
functions ¢;, which define the form and features of the vector transport relations in the Navier-Stokes approximation.
On the basis of these integral equations, the reasons for the effectiveness of their approximate solution are established
using sections of series in Sonin polynomials, and the Onsager symmetry relations are proved. In the representation,
called below the d-representation, the perturbations ¢; are given! by linear functions of the temperature gradient VT
and diffusion thermodynamic forces d; (i, j=1, 2, ..., N, where N is the number of components of the mixture). For
diffusion velocities V; and a heat flux q this representation is called “fluxes in terms of thermodynamic forces” >~

For gas-dynamic calculations it is more effective, however, to write d; and q in terms of VT and Vj.2‘4 The
expressions for the diffusion thermodynamic forces d; in terms of V; and VT are called the Stefan-Maxwell relations.
Their derivation by inverting the formulae for V; in the d-representation leads to complex expressions for the transport
coefficients, and the complexity increases as the number of terms of the expansions in Sonin polynomials taken into
account increases, which is necessary in a number of cases.>™* A cardinal simplification of these expressions is obtained
by methods based on approximate solutions of systems of equations for the perturbations ¢; in the form of series in
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polynomials: the transformation of systems of linear algebraic equations for the coefficients of the expansion in Sonin
polynomials®? and the use of expansion in Hermite polynomials.* As a result, the thermodynamic forces VT and d;
are expressed linearly in terms of the reduced heat flux and diffusion velocities. The advantages of this representation
of the thermodynamic forces in terms of fluxes was shown earlier in Refs. 2—4.

Another way of modifying the classical Chapman—Enskog method is to introduce a new dependent variable s;
instead of ¢; using the formula

m;
0; = \I’i+ﬁci'vi

and to eliminate the diffusion thermodynamic forces d; from the system of integral equations (here m; and C; are the
mass and peculiar velocity of a particle of the component i, and k is Boltzmann’s constant). The dependent variables
{;; and, consequently, ¢; are at once expressed in terms of VT, V; (below this is called the V-representation for ¢;).
It is shown that the solution of the systems of integral equations for the functions {s; in the form of series in Sonin
polynomials gives expressions, previously obtained in Ref. 2, for the coefficients of the vector transport relations, but
a sufficiently complete analysis of these transport coefficients in an exact formulation, as is usually done when using
the classical Chapman—Enskog method,' is not given. It is important to bear in mind that the V-representation for ¢; is
also used to determine the boundary jumps of the macroparameters of mixtures of slightly rarefied gases on surfaces
with heterogeneous processes.

In Section 1 we first give a brief description of the results of using the Chapman—Enskog method in the d-
representation for a mixture of polyatomic gases when there are no chemical reactions and when there is only a
slight deviation of the state of the mixture from a local Maxwell-Boltzmann state.®® The modification proposed
earlier in Ref. 5 is then extended to this case, and a more complete description of it is given; when using the systems
of integral equations obtained, the properties of the transport coefficients are determined (for a mixture of monatomic
gases this completes the results obtained earlier in Ref. 5). Solutions of these systems of equations in the form of
series in a binary system of polynomials are then obtained, and corresponding formulae are given for the transport
coefficients.

Section 2 is devoted to similar modifications of the generalized Chapman—Enskog method, intended for describing
the transport properties of mixtures of reacting molecular gases when there is a considerable nonequilibrium in the
internal degrees of freedom of the molecules.®~!# Particular attention is devoted to analysing the matrices of the transport
coefficients for one of the modifications. The inclusion of the inelastic collision cross-sections of the gas particles in
the generalized Chapman—Enskog method has, for the moment, a mainly formal character, and hence approximate
procedures (Section 3) are therefore important.

1. A slight departure from local equilibrium

The Chapman—Enskog method gives the correction

0), (I In (1)
fiot ((pia + (Piu + (Pia

to the local Maxwell-Boltzmann distribution function

S. m. 32
© _ , Sia( M _Wr_e,
fi(x =n; Qi (2nkT) exp( Wz 81(1)

2 m; o E (1.1
— ! _
Qi = zB:SiBexp('_eiB), Wi = mci’ eia = _ﬁ

Here and everywhere henceforth i=1,2, ..., N, =0, 1,2, ..., N®_ where N is the number of excited levels of
the particles of component i, n; is the number of particles of chemical sort i per unit volume, m; and C; = § — v is
the mass and peculiar velocity of the i-th particle, v is the mean-mass velocity of the gas mixture, 7 is the temperature
of the mixture of molecular gases, calculated®® from the translational and internal energy of the particles, Ejq is the
internal energy of particles of sort i in the quantum energy state a, Sj, is the statistical weight of state i, and k is
Boltzmann’s constant. Chemical reactions are not considered. To simplify the notation we will omit the commas in the
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sets of subscripts, so that, for example, ia =i, a. In the general case the subscript « is a finite set of subscripts, which
depend on the properties of the particles and the degree of excitation of the quantum levels (for example, o = « Ra(",")
(m)
v

Qe,
where ag, oy, * and o, are the rotational, vibrational (mode m) and electron quantum energy levels respectively, and
m=1,2, ..., q). For molecular low-temperature gases usually o = ag, while for ionized inert gases o = ct.. In the case
of monatomic particles, the subscript o will be omitted.

The zero approximation (1.1) defines the gas-dynamic variables {m;(r, 7), v(r,t), T(r, £)}, for which the
Chapman-Enskog method gives the closed system of conservation equations

Dni _ Dv _
E+niV-u+V-niVi =0, pE+V-H = ZpiFi

(1.2)

—§+0-V

DU . -0, 2
p_l.)T+H.V0+V Q“Zpivi F; =0 Dt~ ot

1

where U is the internal energy of unit mass of the medium.

Expressions for the terms of the perturbation of the distribution function cplq&), k =1, II, 111, include the diad C;C;,
the vector C; and the scalar C? respectively. The first and third terms define the non-equilibrium contribution to the
pressure tensor, in this case equal to

II =((p+cV-v)I-2nS, p = nkT

Here m and ¢ are the coefficients of the shear and bulk viscosity respectively, I is the unit tensor and S is a tensor with
the components

1/9v,, 0v,\ 1

Sun = 55— +=— |- 3L,V - 0; =12

where 71, r; and r3 are the components of the radius vector.
Everywhere below we will consider only the term

an _
Dio =Piq

which defines the vector transport relations.
The system of equations for ¢;q has the form

Lio(9) = fﬁg)[H,-aCi -VInT + ;?Ci . di]

L s _ (1.3)
Hi = Wi-3+eq-8; i=12..N a=012 ., N©

The linearized collision operator is given by the expression

0) ~(0 ' '
Lio(@) = z J‘fga)fi'ﬁ)(q’ia""(PjB'_(Piu‘(PjB)dr, dr = g,-j()';deCj
pbaf (1.4)
X = iogp. ¥ = i, g = |Ci-C|

The summation is carried out over all values of the subscripts
j=12..,N; B=01,.,N; a=01..N% p=o01,..N
The prime denotes values after a collision, o is the differential scattering cross-section of molecules, characterizing

the probability density of the transfer (C;, C;, Ej«, Ejg) — c;, j» Eio'» Ejp) and d2 is an element of the scattering
solid angle, and when j = the peculiar velocity of a particle C; is replaced by C;;. The diffusion thermodynamic force
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of component i is given by the formula

P; P; P;
,. Vi+(,.—-—')Vln PR YRR Yd =0
(s G5 2 >

d

(1.5)

=
]

n.
1
i= 5 n= zni, p; =mn; p= E,Pi
i i

F; =F;(z, 1) is the external force, referred to m;, r is the radius vector and ¢ is the time. The dimensionless mean internal
energy of the molecules of component i

1
g = gzsiueiaexp(_eia)
1
a

In the d-representation of the Chapman—Enskog method®® the solution of system of Egs. (1.3), (1.4) is sought in
the form

1 1g
Pio = =AW, €)C; VInT - =3 Dj (W2, €)C; -4 (1.6)
J

i.e. the perturbations ¢; are expressed in terms of the thermodynamic forces V7, d;.

The vectors A;C;, D o Ci satisfy systems of linear inhomogeneous integral equations i, k=1, 2, ..., N; a=0, 1,
., NO®
(AC) = -nfPH,,C, (1.7)
l(X .
(© P;
Liy(D*C) = ——f )( —B'JC,- (1.8)

Here 8;; is the Kronecker delta.
Conditions of uniqueness of the solution of the integral equations

Zm,jffﬂ’(p,ac dC, = 0=>z_[f(°) w DEYW?C, = 0, k=1,2,..,N 19
1, 0

which are a consequence of the determination of the mean-mass velocity, are imposed on the required functions.

When deriving the second term on the right-hand side of formula (1.6) and system of Eq. (1.8), the linear dependence
of the vectors d; is taken into account. The condition that the solution of the problem of determining the vector D . Ci
should be single-valued gives the equality

kK _ 0 = . _ (i)
YD =0; i=12..,N, a=01.,N (1.10)

which is obtained using a well-known procedure.!
Using expressions (1.6)—(1.9) we obtain the following expressions for the vector transport relations (i, j=1, 2, .. .,
N):the diffusion velocity of component i

1
Vv, = rT.Z [£i09:CidC; = =Y D;d;— D, VinT
o

J

0 2
i Dri) = —ZJ-f( ‘(D 1(1; A CidC,;

(1.11)
(D, ;
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and the total heat flux
0 m; o 5
q= z_[fga)q)iaci(j Ci+ Eia)dci =h+ kTZ(z + Ei)nivi
i i

(1.12)

=
1

KTY [£129,uCiHodC; = ~XVT-pY Drd,
i, o i

The formulae for V; and h correspond to the “fluxes in terms of thermodynamic forces” representation.”

Here N\ is the partial thermal conductivity, and Dj; and Dr; are the diffusion and thermal diffusion coefficients of
the multicomponent mixture of molecular gases.

We will now consider a modification of the Chapman—Enskog method, the purpose of which is to obtain expressions
for the perturbations ¢; in the V-representation, i.e. in the form of linear functions of the vectors V7, V. Extending
the approach proposed earlier in Ref. 5, we will introduce the new dependent variable {s;, by the formula

m;
Pio = ViatXis Xi = 577G Vi (1.13)
By virtue of definition (1.11), the diffusion velocity V; must satisfy the requirement

Y [ fia ViaCidC; = 0 (1.14)
o

Multiplying Eq. (1.3) by m;C;, we integrate over C; and sum over o.. We have
d; = Ri(x+v)

The operator R; is defined by the formula

1
R(v)= I—,gmi JCiLiy(v)dC, (1.15)

Eliminating d; using the expression obtained, we reduce system of Eq. (1.3) to the form
0
Kio(W) = fiog HigCi- VINT = Ko (X) (1.16)
The operator Kj, is given by the formula

1
Kio(V) = Lia(V)—fﬁg);C,--R,-(V); V=) (1.17)

taking definition (1.15) into account.
In view of the linearity we have

T v
Wia = Wia"'\via (118)
where ll;l{x and llji‘& satisfy the following systems of equations respectively

K,y = fOH,,C,-VInT (1.19)

Kio(W") = —K;(0) (1.20)

The mathematical properties of systems of Eqs. (1.19) and (1.20) are analogous to the properties of the simpler
systems for the case of a mixture of monatomic gases.> We will supplement the earlier comment in Ref. 5 on the
solvability of these systems by the following. In the classical Chapman—Enskog method! the integral operators of the
systems of equations for the perturbations ¢; are self-adjoint, and the additional requirements imposed on the solution
make it unique. The left-hand side of Eq. (1.16) becomes self-adjoint when condition (1.14) is satisfied. In fact, suppose
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{;, is a certain function from the class of functions defined by this condition. Multiplying the operator Kj, (1) by U,
integrating over C; and summing over o, we obtain

Zj‘i}ial{ia(w)dci = Ej\pial‘ia(w)dci

since the contribution of the second term on the right-hand side of formula (1.17) for K;o({) in this expression is equal
to zero in view of condition (1.14). As is well known, the operator L;,({) is self-adjoint, with an eigenfunction of
this class Lbl% = 1(r, 1) - M;C; (the right-hand sides of Egs. (1.19) and (1.20) are orthogonal to it). Consequently, the
same will apply to the operator K;,(s). We will impose condition (1.14) separately on the particular solutions. We will
assume the arbitrary function 7 to be zero. We will write the solution of the system of Eq. (1.19) in the form

vl = —%sﬁm(Wz, €)C, - VInT (121

The functions od;, satisfy the system of equations obtained from system (1.7) when we make the replacement A;, =
A, Lia = Kiq, but instead of the first condition of (1.9) we now require that

(0)
zjf A, W3dC,; = 0 (122)

This leads to a considerable simplification of the solution in the form of an expansion in polynomials.’
In the same way as before, > it can be shown, taking the linear dependence of the vectors p;V; into account, that

Vi = —-2915 (W, E)C; -V, (1.23)

The functions QDIJH satisfy the following system of equations
h .
Ki(D°C) = n ,a{kT(C C, )(8,;.~8,h)} Lh=12..,N (1.24)

The form of the right-hand side of Eq. (1.24) denotes that the difference x; + x’j — X; — X; occurring in the integrand
of the operator Kj,(x) is replaced by the expression in braces. The law of conservation of momentum of colliding
molecules

mj(C;'_Cj) = -m(C;-C)) (1.25)

is used.
The condition for the solution to be unique is analogous to condition (1.22) (with s;, replaced by Qb{a).
Instead of (1.10) the uniqueness condition here has the form?

h —
z@f“ i (1.26)
h
Using the results obtained, we have for the reduced heat flux (see formula (1.12))

h = kTZI FOWiaCiHigdC, = ~AVT + pY kz,V, (127)

i
Here the thermal conductivity is

(0)
= 3 ZIf Ao H,, C1dC, = —[sdc, AC1>0 (1.28)
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while the thermal-diffusion ratio has the form
1 (0)gnj 2 1 j
ke = 3 52 [ fio DlaHioCrdC; = -5, [9'C,ACY, Dy =0 (1.29)
nia j

When deriving formulae (1.28) and (1.29) we used Egs. (1.19) and (1.20), definitions (1.16) and (1.17), condition
(1.14), the self-adjointness of the operator L;q, and also a generalization of the well-known! definition of a complete
integral bracket

M. 3] = 3 220(M, 3T+ ML JT) = ~5 3 [T - LigMDAC,
ipj no
where

[M,M]>0

M, J1;;

0 0 '
S R f R Mg -Mig)drdC,
a, B, o, B'

MY = Y [£figdia (Mjg-Mjg)drdC,
a” B’ (x" B‘

The primes on the square brackets indicate partial integral brackets,! and the quantity ¢TI is defined by the second
formula of (1.4). The functions M,y and J;, are proportional to the vector C;, and the coefficients of proportionality
depend on Wl-2 and g;o. The well-known property L;o (M) ~ C; is taken into account as above. The dots denote scalar
products of these functions.

Taking the formulae obtained and expression (1.15) into account, we obtain the Stefan-Maxwell relations

_ Vv T, _ VY ko
di - R,(X*'\I’ )+R;(W ) - Zalj(vl Vz) thVlnT (130)

j
Equalities (1.25) and (1.26) respectively are used to calculate R;(x) and R;(s"); as a result, the first term on the right-

hand side of formula (1.30) is written in terms of V; — V;. The expression Ri(\jJT) = —k7;V In T follows, for example,
from the chain of equalities

Sk V,- VInT = {fOy'CH} - VInT = {y'K(y")} = {y'Ly")} =

1

WLy = (WKW = (WK} = v L)} = (131)

~{xLy")} = _Il)zmiJ.Ci : ViLia(‘VT)dCi = _ZR.‘(‘I’T) Vi

i
The expressions in braces denote, for example,

kT
{fOv'cHy = ?ijgg)WYaCiHiadCi
io

The self-adjointness of the operator L;, is used when determining the transport relations (including in the chain of
equalities (1.31)).

Using formulae (1.27) and (1.30) and taking the last equality of (1.29) into account, we obtain the following
expressions in a representation previously called “thermodynamic forces in terms of flows” (Refs. 2—4)

N S 4 =l p
VT = —zh+ 53k Vy, d; = okph+ z(aﬁ— ﬂkﬂkﬁj(vj-v,.)
i J
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6-8,15

As is usually done, we will seek the functions Ll;l-Ta and \JJZ-‘& in the form of expansions in systems of polynomials

(hios D) = 5752 (<01 g3 4], )SHWDP D (er0). T+ 21
rg (1.32)

r=0,1,2..R ¢g=012..,0; i,j=12..,N; =012 ..N"
Unlike the d-representation in expansions (1.32) there are no terms with (r, g) =0, proportional to the factors a; oo

and dlj 00> Which simplifies the systems of equations for the coefficients of these expansions.
Relations for determining the Sonin polynomials S3 /o are well known.! The orthogonality relations for the Waldman-
Trubenbacher polynomials have the form: the quantity (P P™) is equal to zero and (P(’”)z) when m#nand m=n

respectively, and PO=1, p) = (€ia) — €ia, etc. The following notation is used

-1
(Zig) = (zsiaexl)(—ﬁiu)) zZiaSi(xexp(_Eia); (&) = &> (PV) = %

o o

The heat capacity at constant volume of the component i, due to internal degrees of freedom of the molecules, is
given by the expressions

0 2 2
'a—,I‘-( (&;kT) = k((&;y) — &)
The following formulae are obtained for the transport coefficients (1.28) and (1.29)

1 5 1 5, Coi i
A= §2xi(§kai, 10"'%;‘“;‘,01)’ kri = 52%(5% 10"'7:"‘11‘,01) (1.33)
i J

We substitute the expansions in polynomials into the integral equations for the required functions (1.32), we multiply
them scalarly by the product
QY = WSDWHPV(e,,), r+g=1

we integrate over C; and sum over o. We find, respectively,

3 Coi
2 2 Arr;qq. hna T §kai(56r1840+ 2?&08!11) (1.34)
Jjra
AY = 2nA"
ZZ rrqq, J ’lql = <4n r0q0
Jjroa (1.35)

ih=12,..,N; rnry=0,1,2,..,R; ¢,9,=0,1,2,...,0; r+g=21; ri+q, 21

where R and Q are the maximum indices of the polynomials considered.

It is important to emphasise that, when solving the problem in the form of series in polynomials, in the initial
systems of Egs. (1.19) and (1.20) we can immediately replace the operators Kj, by the operators L;, (Ref. 5) and obtain
systems of equations with known properties.® This is based on the fact that the expression obtained by multiplying the
second term on the right-hand side of formula (1.17) scalarly by Q’/, integrating over C; and summing over , is equal
to zero.

The coefficients in Egs. (1.34) and (1.35) are given by the expression

i

ij ! g " ..
AV v = mimj[aijzxixk[Q""’, Q Yk + x,x,[Q"", Q"'],,), i,jk=12..,N
k

The approximate expressions for these coefficients, which are necessary in order to calculate the transport coefficients
in the lowest approximation in polynomials, were derived previously in Refs. 7,8,15. When deriving the expression
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for the right-hand side of Eq. (1.35) we used the equality
00 rq4' 00 rgq"
[Q7, Q"lin = —my/m[Q", Q"]
obtained taking the conservation law (1.25) into account. By virtue of this law, we also have

ZAif’(l)qO = O:Zd;’v’qu =0
h h

The last equality, which is obtained by summing Eq. (1.35) over &, shows that condition (1.26) is satisfied for system
(1.39).

Unlike the analogous systems of equations of the d-representations,®® systems of Eqs. (1.34) and (1.35) are linearly
independent, since they do not contain equations corresponding to values of the indices r and g equal to zero.

Taking the above relations into account, we obtain the following equation for the factor «;; in the Stefan-Maxwell
relation (1.30)

N
XX 1 ih i
o = igib—’ * 307 2 ZA',Oqu{,, g THG21 (1.36)
u h=1rygq
where
D, = 3kT(2nm[W, WI})" (1.37)

In formula (1.36) the coefficients dé rg A€ the solution of the system of linear algebraic Eq. (1.35). The coefficient
of binary diffusion of molecular gases %;; in the lowest approximation in polynomials, like the remaining transport
coefficients, depends on the elastic and inelastic collision cross-sections. In the case of a mixture of monatomic gases,
formula (1.37) defines the binary diffusion coefficient in a first approximation in Sonin polynomials.

The solutions of systems of linear algebraic Eqs. (1.34) and (1.35) and then formulae for the transport coefficients \,
k7; and o can be written in terms of determinants. For a mixture of monatomic gases, the relations obtained are identical
with the well-known relations,> ™ apart from the notation. In books on the kinetic theory of transport phenomena in
polyatomic gases,”®1316 no expressions are given for the transport coefficients in terms of determinants. This is due
not only to their complexity and the availability of computer mathematics. Effective algorithms for calculating these
systems, based, in particular, on the iteration method,”3 are used instead of Cramer’s rule.

A formula for o;; was obtained earlier in Refs. 7,8 in the lowest approximation in polynomials.

2. An arbitrary departure from local equilibrium with respect to internal degrees of freedom of molecules

In flows of high-temperature polyatomic reacting gases there are, generally speaking, regions with different levels
of excitation of the internal degrees of freedom of the molecules. To describe these regions, the appropriate gas-
dynamic models hold, and a continuous calculation of the whole field of flow can be carried out using the system of
general equations of physico-chemical gas dynamics — equations with level kinetics over all the quantum levels of the
molecules. It includes the system of equations for the populations

Dn;,,

T +n,,V-0v+V-n,V, = Nig

and the equations of momentum and energy, i.e. the second and third equations of (1.2), where now
II = pI-2nS, p = nkT,
The vector transport relations and the quantity U are given by more complex expressions.

To derive this system of general equations of physico-chemical gas dynamics, a generalized Chapman—Enskog
method has been developed.”!3
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Instead of system (1.3) for the perturbations cpfa):cpla, in the generalized Chapman—Enskog method there is a system

of integral linear inhomogeneous equations
s 0 n
L, (o) = f,('a)[HiCi‘VlnTz"'—"Ci'dia} H; = W’i_i 2.1
n

where

(0) (0) n
fio. = yiafi » Yia = 'f’ zyi(x = 1’ n; = zni(x
! o o 2.2)
f(.o) = n(i)mex (_Wz.) w2 = _m_i_c? .
i = anTt p ti/» ti 2th i

In the above expressions f; s the locally Maxwell distribution function for the component i, L ., (@) is the linearized
symmetrized collision operator, n;y is the number of particles of sort i in the quantum state « per unit volume (the
population of the quantum state « of particles of sort i), V4 is the diffusion velocity of the component ic, Ny, is the
production of particles of sort i in quantum state o as a result of transitions between energy levels and as a result of
chemical reactions, T is the translational temperature of the reacting mixture of ideal gases, the quantities »n; and C;
are defined in Section 1, yj is the relative population, and

: n; m::n. m.n. p
e (ﬂ_'_'a)m Mol p S Pip |2y do4 2V
dig g )Vinr-—7| %’,p i 1= Yiadi + X, Vg

2.3)

dl = zdiot’ p = nth
[od

The quantity d; is defined by formula (1.5) with the replacement 7= 7. The vectors Vy;, are linearly dependent
2 Vi =0 2.4)
[0

In the approximation of this method employed, the distribution function is
0
fia = fid(1+ i)

By definition, it is the mathematical expectation of the number of particles of chemical sort i, which possess internal
energy Ejq, in an element of phase space d%;. This number of particles is

= fiadzi’ fi(l = f(Ci’ Ei(x7 r, t)’ dz, = drdci

In Section 1 we use the same definition, but the relative population y;, there is the Boltzmann distribution. The
collision operator LiSa is self-adjoint, and, taking into account bimolecular chemical reactions (2 < 2), it is given by
the expression

S 1 ' ' S
Ly (9) = 2 J.E{q)}(q)k'y + 05— Qi — (Pjﬁ)gijcmﬁdgdcj
Bk, L&
S S m; m U '
i (0)' .(0) (0) ~(0) 2.5)
®= SkYSIS(mkm) Ti Jis + JiaTip

=k, y=v, I=I, 6=8; i,j,k, I = 1,2,..,N;y =0,1,...,N?; 8 =0,1,..,N”

As above, the primes denote quantities after a collision, and the quantum states are denoted by Greek subscripts. If
a particle of sort i does not react, the subscripts &’ and [ are replaced by i and j, and the summation is carried out over j,
B, and &'. If they react, the same replacement is made in the terms of the operator (2.5), describing the collisions of
particles of sort i with non-reacting particles. Collision operators for more complex chemical reactions are also given
in Refs 7,8,16,17. Linearization and symmetrization of these operators was also carried out previously in Ref. 14.
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In this paper we will not consider the version of the method in which the non-self-conj ugate integral operator L;y is
used.!” The difference between the versions of the generalized Chapman—Enskog method”~!3 is characterised by the
procedure for calculating the perturbations ‘Pza , which depend on the modulus of the vector of the peculiar velocity
of a particle C;. When determining the transport relations in the asymptotically principal approximation with respect
to small Knudsen numbers, this difference disappears, and we can require all the gas-dynamic variables to be given by
the zero approximation

= Qac,, T, = kzj fOm.clac, -zj £ Om&.dc,

As a result of solving system of equations (2.1) we find that the perturbation ¢;, and, consequently, the diffusion
velocities Vi, and the heat flux q are linear functions of the vectors VT;, djg (or VT;, d;, Vy;p):

I 1.0
a = n_'aJ.fza (plOtC'dCi’ Vi = Zyiavia
! o

2.6)
q = ijfﬁ)tpm( iy B + ES )c,.dc,.
0o

Here th is the energy of the formation of a chemical element of sort i. In the modification of the method proposed
earlier in Ref. 14, instead of ¢;, a new dependent variable %;, was introduced, as given by the formula

Gia = Vg kTV -C;

and the quantities d;, were eliminated from Eq. (2.1) and an expansion in Sonin polynomials was used. The complete
theory is constructed in the same way as was done in Section 1. The vectors d;, and q are given by linear combinations
of the vector VT;, Vjg.

We will consider another modification, which is more convenient for converting the general equations of physico-
chemical gas dynamics on changing to special cases.!®> We introduce a new dependent variable sy, analogous to
relations (1.13)

m;
Qg = Via+Xis Xi = kTV C; 2.7

retaining the notation. We substitute the right-hand side of formula (2.3) into Eq. (2.1) instead of d;,, then we use the
replacement (2.7), multiply by m;C;, integrate over C; and sum over o.
‘We obtain for the vector d;

1
= Ri(L+ )= 3m [ C L0+ WdC, 2.8)
o

Eliminating d; using this formula, we reduce Eq. (2.1) to the form

Kiy(y) = fid[HC;- VInT,+ C; - Viny,,] - Ki(X) (2.9)

The operator K is given by expression (1.17) with L;, and R; replaced by L lSa, RS The quantity H; is defined by the
second relation of 2.1).

As in Section 1, we will assume the existence of a solution of the problem in the class of functions defined by
requirement (1.14). The analysis of system of Eq. (2.9) is similar to the analysis of system (1.16), taking into account
the linear dependence of the groups of vectors Vy;, and p;V;. The solution will be sought in the form

T Y \%4 0
Via = Wia+ Vig + Vi jf( '(Wia Wie Vi) C:dC; = 0 (2.10)
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The second equation of (2.10) is a consequence of requirement (1.14). The functions s/,
following systems of equations

KW(W') = fig HC;- VInT,, Kio(y') = fioC;-Viny,e, Kig(y") = —Kig(X) @.11)

satisfy the

i lOL’ l()L

and are represented by the following expressions

1~ 1w =h
‘ViTa = —;Aiuci'van \I’?; = ZG Ci- Ve Wi‘:x = _EZD"aCi'Vh
P (2.12)
i=1,2..,N;, h=12..,N, 6=01,..,N"

The required functions A;q, Glu , Dh satisfy the following systems of inhomogeneous linear integral equations

K3 (AC) = -nfQH,C, K3(G"C)=-L f(o)(S,.hSW— 8.,Y10)C:

(2.13)
~h

where
A, =90,,-0%,, n=klIl j k=sk; I=l

When k=i, [=j and T; =T we obtain the right-hand side of Eq. (1.24). The right-hand side of the last equation of (2.13)
is written for the case (2.5).

The solution of the problem for 1[1 is constructed in the same way as indicated in Ref. 1. We will put bjo = Vyiq.
Taking equality (2.4) into account, we introduce the following system of linearly independent vectors b, by the formula

by, = b?:x - yiazb?fi

We will represent the function 115 by the sum —n 1ZG JC; - by . Substituting it into the second equation of (2.11),

h,o
we find the second equation of (2.13). When it is multiplied by yj¢ and summed over & and o the right-hand side of

this equation vanishes. Without loss of generality we will assume

hc
Y Y1sGio = 0 (2.14)
h G '

which enables us, in the sum for x];l{x, to replace the vector b}, by the vector bj,. Finally we obtain the required solution
in the form of the second formula of (2.12).
Similarly, we will write the solution for 111}& in the form of a sum over the system of linearly independent vectors By,

1 Pi 1
\yl‘; = _’;ZHZJCi . Bh’ p,.Vi = 2(8”’ - E)Bh, Vj_vi = zp—h(sjh - Sih)Bh (215)
h h h

Using the last two equalities, the law of conservation of momentum of the colliding particles and definition (2.7),
we convert the difference

' ' -1 1 ' '
et Xi—Xi—=X; = th Bh'{ﬁ[kakAkh+mlC1Alh_ijjAjh]}
h t

which occurs in the integrands of the right-hand side of the third equation of (2.11).
Substituting this expression and the first expression of (2.15) into the third equation of (2.11) and putting Dﬁx =

P Hla, we obtain the third equation of (2.13). On summing over £, its right-hand side vanishes, and hence, similar to
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relations (1.26) and (2.14), we assume

Zb?(x =0
h

281

(2.16)

which enables us to replace Bj, by p;, Vy, in the first formula of (2.15) and to obtain an expression for 1];1-‘& according to

the second equality of (2.12).

Using definitions (2.6), (2.7) and (2.10), we obtain for the vector transport relations

q-= fl + 2(§th + Ei + th)niV,- + ZniaEm(V,-u - V,‘), E,‘ = zyi(ina
i i, o o

h = kT z [FRvaHCAC, Vig=V, = [ f2viCidC,

diER,-S(\If+X) zm fct zu(\VT"'WY"'\VV"'X)dCi

The last relations are given in a form which demonstrates crossover effects

_— VT, - ZPIkWVym+psz, » D = nkT,

io i

V.-V, = k,uVlnT ZD,(“BVy]ﬁ ZD,M ;

JB j

d,=R}(y +%) = —kp;VInT, +2 D 6.iVyjp+ 2,0;(V;-V)
JB j

The expressions for the coefficients in formulae (2.18) have the form

= kY (AiaH) = SIAC,ACI>0

io

Y 1 io 1 ,~ 1 iy
kio = Z-wa"H") = amm) = 5, [G7CAC]

14 1 ~1i 1 s~ 1 ~ ~
k= =3 (DjpH)) = I—)ij,.c,.-L,.a(AC)dc,. = —5-ID'C. AC]
j)ﬁ o
Y 1 j 1 i i Y
D, i = a(G{E} = §;i[(;“‘c, G*Cl, D}, >0
p’ = 1(bj)— 1 G*c.b'c
o, j — n—ia i/ = 3_’1‘1[ ) ]
‘We have introduced the notation
(Xi¥) = 3~ S [1OX ¥, C2dC, R = -L3 (3, Li,dc,
i,

The total integral bracket [. . .]% is defined in the same way as in Section 1.

(2.17)

(2.18)

(2.19)
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The procedures for obtaining the relations derived above are similar to the derivation of formulae (1.28) and (1.29).
We used the last expressions of (2.7), (2.10) and (2.11), formulae (2.12) and the first two equations of (2.13). The
self-adjointness of the operator L ,.Sa was taken into account. The specific form of the operator Lfa(x) was not used, so
that the results (2.18) and (2.9) are general.

For example, we will express the quantity R;s(l],JY ) in terms of the coefficients D}‘{U’ ;- By definition

s 1 s h
Ri(y") = ;ijicil‘ia(wy)dci = zri Vo
] h,©
m (2.20)
h i S, h
o= —ﬁzJC‘ - Ly (G"°C)dC;
o
We will put
1 P
{Q}=-5Y [QdC, Gig=GigC;, Dia=DiuC,
i,a
and we will consider the expression A={x;L iSa(Gh")}, which can be written in the form
_ ho
A= Zri Vi 2.21)
1

The quantity Ff"’ is defined by the last formula of (2.20). On the other hand, in the same way as for (1.31) we obtain
the chain of equalities

A = {GisL,(0)} = {GinKi,(0)} = {GlgKip(¥')} =

= %{Gﬁ’o‘foa(Zﬁj | VJ} = S-S VAGl - LD} =
J J
1 S 1 =
= 32 ViADiu Lig(G")} = -3 VDo Kio(G*)} =
J J

! D, 0" Ry v
= 3—nzvj{—l)m f( )_Eih(sflc_yha)ci} = zvj—r—l_DhG,j
/ J

o yia
Comparing the results obtained with definitions (2.20) and (2.21), we find

h Ry v S, Y ny v
zriovi = sz;‘Dha,jﬁRi(\V ) = z;Dhc,iV)’hc
i J h,o

The last equality was used to derive the third formula of (2.18).

Hence, we have obtained relations (2.18) and (2.19) between the coefficients of the expressions for the vector
transport relations. We can use an expansion of the solution in series in polynomials, but the results obtained in this
way will have a formal form, since the cross sections of the physico-chemical processes are insufficiently well known,
whereas the purpose of this section is to provide rigorous results. In practice, approximate procedures are employed,
the results of which are considered in the next section.

We will change to a special case in formulae (2.18) and (2.19) by replacing the relative populations y;, by their
asymptotically principal expressions!® (for small Knudsen numbers). For example, in the case considered in Section
1, in the first formula of (2.17) the difference V;, — V; is eliminated, and then, in the expressions for q and d;, the
variable yj, is replaced by the Boltzmann function, which occurs in formula (1.1), and the translational temperature 7;
is replaced by the temperature 7.
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3. Approximate relations

In the procedure proposed earlier in Ref. 9, the internal degrees of freedom of the particles are split into two groups,
so that the subscript a =ajay =ay, ap. On the left-hand side of Eq. (2.1) the linearized collision operators for the
ap-processes are assumed to be small; these, and also the collision operators which determine the chemical reactions,
are neglected. It is assumed that the energy of the particles and the collision cross-sections for the oj-processes are
independent of the ap-states of the particles, i.e. this energy is equal to E;y,, while for the cross sections and total
internal energy of the particle the following equalities respectively hold

B A
Cp = Oy, Ej = Eioc1 + Eioc2 3.1
A = ioyo, BBy B = iv10,j81By X = ioyjBy, A = iY1j§

In practice, one also usually neglects the collision operators for the oj-processes. In this case a=a;, and only the
elastic-collision operators are taken into account. This leads to the non-equilibrium (generalized) Hirschfelder-Eucken
approximation,’!'® when the effect of the internal degrees of freedom of the particles on the transport relations is only
taken into account in terms of the diffusion of their internal energy. The structure of the expression for the pressure
tensor is not changed. The shear viscosity coefficients m, the reduced heat flux h (see (2.17)) and the vector d; (the
Stefan—-Maxwell relation) are given by the corresponding expressions for an N-component mixture of monatomic
gases.! The following formula holds

n

-1
X .
iY

where %;/=[%;;], is the binary diffusion coefficient of monatomic gases in a first approximation in Sonin polynomials!
(the second approximation was also analysed earlier in Ref. 19). Data, characterizing the accuracy of the Eucken
correction to the thermal conductivity are given for a number of single-component polyatomic gases, for example, in
Ref. 20.

We will now take into account the collision operators for the a-processes. In the generalized Chapman—Enskog
method the situations are considered, generally speaking, when the distribution function of the molecules over the
energy E;,, differs considerably from the locally equilibrium distribution. We will make an additional assumption
regarding the closeness of this function to the Boltzmann function, which holds, for example, for an important class
of flows,!516 when the rotational levels relate to the a;-levels, and the vibrational and electronic levels relate to the
ap-levels. The distribution function of the zero approximation is given by the expression

S. m. \32

0) iot i 2

fia' = ”iaz—Ql’(znkT) P Wi i)
i

‘ (3.2)
2 m; it
Niq, = Zniw Wi = mci’ €iq, = k_Tl
o

Here and below a=ajay, n;q, is the population of the vibrational and electronic levels of the particles of sort i,
and T is the temperature, determined taking into account the translational energy of the particles and their internal
energy Ejq,. In the zero approximation (3.2), the gas-dynamic variables are n;q,, v, T, which satisfy the momentum
and energy equations and also the system of equations

Dnia2
Dt

+ nioczv 0+ V. niazviaz = Niaz; niazviaz = zniavia 3.3)
oy

obtained by summing the overall system of equations of the populations n;, over a.
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Following the procedure proposed earlier in Ref. 9, it can be shown that the perturbation of the distribution function

(PEE)E('PiOL’ which determines the vector transport relations, is given by the following formula in the case considered

Mg,
Qia = Pig, ~ Qie, Ci - VINYio)3 Vig, = fv zyiotz =1 (3.4)
%

Expressions for the function ¢;,, follow from relations (1.6)—(1.8) and from relations (1.13) and (1.21)—(1.24) by
replacing the subscript o by o in the d-representation and V-representation respectively. The effect of the iar-levels
is characterized by the term with the factor Q. These factors satisfy the following system of equations

Y [fiafip(Qiy,Ci- i, Ce;0xdQdC; = ~£i0C;
Jr B Y1 8 (3.5)

' 12 2 ' '
Qiy, = QWi 85), Qig, = QWi 80), Y1=71, 8,28,
Here we have used the notation (3.1) for X and A.
The solution of system (3.5) is sought in the form of a series in the binary system of polynomials (1.32). Confining
ourselves to one term of the expansion, we obtain

-1
m,- X
Qia, = di00 = ,(—T(Z@—’_]_J , X = (3.6)
j ]

s|E

where 9),; is the binary diffusion coefficient of polyatomic gases, which is given by formula (1.37) with the replacement
o= o] and depends on the elastic collision cross-sections and the cross-sections of the iaj-processes.
By virtue of solution (3.4), using the equality

ZVYi(xz =0

Qo

we obtain the following results. The vectors V; and d; are given by formulae (1.11) and (1.13). We will write the total
heat flux vector in the form q =q; + q>. The term q is calculated from formulae (1.12) or (1.27) (in the corresponding
expressions in Section 1 for the transport coefficients, the subscript a is replaced by a1). The effect of ioix-processes is
taken into account via the diffusion velocity V;,, (the definition is given by the second equality of (3.3)) and the term
of the heat flux q3

) h
qQ = Z(Ei +E;)nV, + Zniquiaz(Viaz_Vi) =

i i, oy

, (3.7)
2 h i 2
= Z(E,(' )+€ic )Pivi_zani,OOVEE )
i it
kT (2)
Viaz”vi = ”;qi,oovm)’iuz’ E7 = Zyiocinocz (3.8)
1
o

The quantity g; oo is defined by relation (3.6). The corresponding expressions for the non-equilibrium Hirshfelder-
Eucken approximation follow from expressions (3.4), (3.5), etc., if we omit the subscripts a1, 1, etc. and put a =op.

Eq. (3.3), together with the momentum and energy equations, describe, in particular, flows with vibrational-chemical
relaxation, when the rotational levels belong to the quantum levels a1, and the vibrational levels belong to the quantum
levels o (the electron levels are frozen). Using the procedure described, expressions for the vector transport properties
are determined assuming that the rotational energy and the collision cross-sections of the molecules are indepen-
dent of the vibrational levels. These expressions in the d-representation were obtained previously using the modified
Chapman—Enskog method without these assumptions.!> In this method it is assumed that the operators describing the
excitation of the vibrational and chemical processes are asymptotically small together with the Knudsen number by
comparison with the operators for the iaj-processes.
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In the procedure based on the generalized Chapman—Enskog method, it is assumed that the effect of these operators
on the transport coefficients being investigated is small from the practical point of view, and they are neglected.
Consequently, the results of this section for the transport properties (and, in general, the results of the generalized
Chapman-Enskog method for such flows?!~2*) hold not only for the relaxation case, but also for states close to
quasi-stationary.

Suppose, for example, in the zero approximation (3.2), the relative population of the vibrational levels yjq, is a
Boltzmann function of the vibrational temperature T;. Then, from system (3.3) we obtain a simpler system of equations
for the temperatures 75;, and in expressions (3.7) and (3.8) the quantity y;q, is replaced by this function of Ty, so that
instead of Vy;q, we will have the gradients VT,,.

In conclusion we emphasize that the generalized Chapman—Enskog method (Sections 2 and 3) hold for weak
translational non-equilibrium, when the state of the gas medium is close to locally Maxwellian. However, the non-
equilibrium of the internal degrees of freedom of the particles may be considerable. The mathematical theory of the
corresponding dynamic equations are at the stage of development. In Section 2 we indicated possible modifications
of the generalized Chapman—-Enskog method, and the procedure employed was illustrated using one of these, when
the perturbation of the distribution function is expressed linearly in terms of the diffusion velocities of the chemical
components V; and the temperature and relative-population gradients. This representation is convenient to use in the
problem of the Knudsen layer on surfaces with heterogeneous processes> (for example, in evaporation-condensation®).
The properties of the transport-coefficient matrix have been proved, and a relation has been established between the
crossover effects. For applications it is important to develop simplified models of the transport relations. In Section 3
we gave examples of the use of an algorithm for the approximate solution of the integral equations of the generalized
Chapman—Enskog method.
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